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1, The f low o f  a conduc t ing  i n c o n p r e s s i b l e  v i s c o u s  

f l u i d  between p l a n e - p a r a l l e l  p l s t e s  a c r o s s  an e x t e r i o r  un i form 

f i e l d ,  f r o z e n - i n  an i d e a l  conduc to r ,  o u t s i d e  t h e  f l u i d ,  h a s  been 

i n v e s t i g a t e d  by J, Gartman [l]. The p r e c i s e  s o l u t i o n  o f  t h e  s t a t i o -  

n a r y  problem o b t a i n e d  by him, depends on t h e  d i m e n s i o n l e s s  pararoeter 

I ' ( h e r e  2 is  t h e  ha l f -wid th  of  t h e  chaniiel ,  Ho is t h e  o u t e r  f i e l d ,  

' o f  t h e  f l u i d ,  c i s  t h e  s p e e d  o f  l i g h t ) .  

6 and '1 r e s p e c t i v e l y  a r e  t h e  c o n d u c t i v i t y  and t h e  dynax5.c v i s c o s i t y  

I f  M<( 1, t h e  flow becomes a T o i s e u i l  flow. But i f  

t h e  v e l o c i t y  of  t h e  flow. i s  c o n s t a n t  a l o n g  t h e  c h a m i e l ' s  c r o s s  

s e c t i o n  everywhere excep t  /two t h i n  boudary  I - ~ y e r s  o f  -I/M t h i c k -  

n e s s ,  i n  which t h e  v e l o c i t y  d rops  t o  z e r o .  The v e l o c i t y  rnar;nitude 

i s  dete?iinnea by t n e  c o r r e l a t i o n  

in 

- 

dP IC 
dx H o P r 6 - '  

v - 
0 -  

where 

motion.  

dP/dx is a c o n s t a n t  2res;:ure gr:*c'.ient i n  t:ie d i r e c t i o n  o f  
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The o r i e n t c d  a lonE t h e  v e l o c i t y  marmetic f i e l d  €1, v a r i e s  

b y  c r o s s  s e c t i o n  a t  M > 1  s o  : 

where t h e  c o c r d i n a t e  z is counted as o f  t h e  s y m e t r y  p l a n e ,  21ong 

Ho ,  a n d  

is ' t he  r e c i p r o c a l  l e n g t h ' s  dimension c o n s t a n t .  The c o r r e l a t i o n  (3 )  
is o n l y  d i s t u r b e d  i n  t h e  boundary l a y e r s ,  where H, d r o F s  t o  z e r o .  

L e t  us n o t e ,  t h a t  i f  one passes  i n t o  a s y s t e m  o f  c o o r d i n a t e s  

moving c wi th  a v e l o c i t y  Vo, t h e  exarLned boui-dary s o l u t i o n  c o i n c i d e s  

K i t h  t h e  s o l u t i o n  o f  t h e  problem o f  e q u i l i b r i u m  o f  an  idea l ly -conduc-  

t i n g  f l u i d  a t  same geometry i n  t h e  g r a v i t a t i o n &  f i e l d  

--. - I _  

The l i n e s  o f  f o r c e  o f  t h e  magnet ic  f i e l d  i n  t h e  f l u i d  have 

t h e  shape  o f  a p a r a b o l a  w i t h  a s a y g i n g  d e p t h  L = t2A /2 .  

The e f f e c t  o f  v e l o c i t y  p r o f i l e  v a r i a t i o n  on t h e  api3earance 

o f  t h e  usual t u r b u l e n c e  ( v o r t e x  untv&tYng by  t h e  v e l o c i t y  g rad . i en t )  

wzs i n v e s t i g a t e d  by  Lock [ 2 ] .  The e f f e c t  on t h e  s t e a d i n e s s  o f  t h e  

magnet ic  f i e l d  c o n f i g u r a t i o n  a l s o  o f f e r s  i n t e r e s t  i n  b e i n g  exaEined.  

2.  L e t  us c o n s i d e r  t h a t  M > j 1 , )  and Vo<c.l Then H , i s  g i v e n  

b y  t h e  c o r ; e l a t i o n  ( 3 )  i n  t k e  system o f  c o o r a i n z t e s  moving w i t h  t h e  

f l  u i d  He = _U_ The. h~"~:?d;:~y l s g ~ r ~  z1-e a;, i G X i u , d i , e i :  by s u r f a c e  U' 

c u r r e n t s ,  i r _  connec t ion  wi th  which we shall d r o p  t h e  r equ i r emen t  

o f  t r a n s f o r m i n g  at b o u n d a r i e s  t h e  t a n r ; e n t i a l  conponents  o f  v e l o c i t y  

and  f i e l d  p e r t u r b a t i o n s  i n t o  ze ro .  L e t  us a l s o  assume t h a t  t h e  

masn i tudes  'L, and c2/ 4C6 a r e  s u f f i c i e n t l y  small, a i d  l e t  us 
n e z l e c t  t h e  d i s s ip? . t i on  a t  u n s t a t i o n s r y  p r o c e s s e s ,  
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Assume t h a t  a srilall p e r t u r b a t i o n  o f  t h e  v e l o c i t y  v and 
of  t h e  magnet ic  f i e l d  h h a s  appeared.  L i n e a r i z i n g  t h e  magnet ic  

hydrodynamics '  e q u a t i o n s ,  ne shall o b t a i n  : 

a 1 + d32 - r o t v =  at i;;i;Jrot{(ZC)h+h,z} 

Aside from ( b ) ,  i::e have : 
I 

div h = 0, div v = 0. 

(5) 

A t  z = ,+ 1,  h, and vz a r e  e q u a l  t o  ze ro .  Hence, we may 

o b t a i n  w i t h  t h e  h e l p  o f  (4) t h e  c o n d i t i o n s  f o r  vz: 

E x c l u d i n g  h from t h e  e q u a t i o n s ,  me have 

+ 
a2 1 
- at2 rot v = rot {(%'V) v>.  

L e t  us  exa,i ine t h e  p e r t u r b a t i o n s  l y i n g  i n  t h e  p l a n e  xz and 

n o t  depending  upon y. \;e s h a l l  s e e k  t h e  s o l u t i o n  i n  t h e  forn  

(9) v = v (2 )  ei(mt+kx).  

r k c l u d i n g  vx , we s h a l l  o b t a i n  t h e  f o i l o n i n g  e q u a t i o n  f o r  

L e t  us  i n t r o d u c e  t h e  d i n e n s i o n l e s s  c o o r d i n a t e  s = z/L 
and  t h e  pa rame te r s  
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E q u a t i o n  (10) takes  t h e  form 

. 

The t o t a l  i n v e s t i g a t i o n  o f  t h e  e q u a t i o n  (10') is b e s e t  

w i t h  computa t iona l  d i f f i c u l t i e s .  That  is why w e  s h a l l  l i m i t  o u r s e l -  

ves t o  t:ie examinai5on o f  one o f  t h e  ? a r t i c u l a r  c a s e s ,  r ep resen -  

t i n g  a s e l f - s u s t a i n i n g  i n t e r e s t  f o r  c e r t a i n  problems of cosmic 

e l e c t r o d y n a m i c s  

3. If ne  examine l o n g  waves ( k f g l ) ,  we may n e g l e c t  t h e  

r igh t -hand  p a r t  o f  e q u a t i o n  (10' ), s i n c e  i t  i s  p r o p o r t i o n a l  t o  t h e  

s m a l l  pa rame te r  a t  t h e  j u n i o r  d e r i v a t i v e .  L e t  us however c o n s i d e r  

t h e  magnet ic  f i e l d  s o  weak, tha t  and t i i a t  p o s s i b l e  are 
long waves f o r  mhich s i m u l t a n e o u s l y  ( t h i s  r equ i r emen t  may be I 

- < s a t i s f i e d  at great c - --- - -  
N e g l e c t i n g  tLG 1-lgnt-hand p a r t  o f  (10' I ,  and t a k i n g  i n t o  

accoun t  t h e  o p e r a t o r ' s  i d e n t i t y  

we have 

Cne o f  t h e  s o l u t i o n s ,  v = c o n s t ,  i s  obv ious ,  n h i l e  tl;e 

r e m a i n i n g  are found wi th  t h e  a i d  o f  o u a d r a t u r e s .  Tno s o l u t i o n s  are 

e v e n ,  and two are odd : 
_ -  

S 

v1 = 1; v2 = sin As'e-ixS" ds';  
0 s 
s s' 

v3 = (cos As'e-id' ds'; v4 = \ e-lA(S"--S"')sin A (S" - s') ds" ds'. (13) 
0 I) 0 

F o r  even s o l u t i o n s  thc  c h a r a c t e r i s t i c  e q u a t i o n  is t r i v i a l  : 

s i n  A = 0. Hence A n  = n n  A l l  t;le s o l u t i o n  are s t e a d y .  

A f t e r  s i m p l e  b u t  cumbersone t r s n s f o r m a t i o n s ,  we obtain 

t h a t  i n  c a s e  of odd s o l u t i o n s :  

* / *  
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) + (1 sin xx2  cos A x  dn 
0 0 

I n  t h e  r igh t -hand  p a r t  t h e  f u n c t i o n  i s  bo-ancied aiid t h a t  i s  

why its diaFram i n t e r s e c t s  a l l  t h e  brFnches  o f  t h e  t g A / A  w i t h  t h e  

e x c e p t i o n ,  pe rhaps ,  o f  t h e  branch l y i n g  between - Z/2 and d/2 . 
Consequent ly  t h e r e  e x i s t s  an i n f i n i t e  m u l t i p l i c i t y  o f  s t e a d y  so lu -  
t i o m .  The u n s t e a d i n e s s  may on ly  be l i n k e d  wi th  t h e  i n d i c a t e d  b ranch .  

n L e t  us exaixine navelenKths L a k i n ?  out  of the i n t e g r a l s  

i n t e g r a l s  s l o u l y - v a r y i n g  f u n c t i o n s ,  and s u b s  t i t u u i i n g  tllem by v a l u e s  

i n  z e r o ,  l e t  us inte-*"c t h e  f a s t - o s c i l l a t i n g  f u n c t i o n s  from 0 t o  00. 

Assumins Y = - ih* \-re o b t a i n  
L W l  

from where ( c o n s i d e r i n 9  t h a t  y is s ~ l ~ i c i e n t l y  g r e a t  an2  *: W 

A t  ^X - nl4 + nn 1 t he  r equ i r emen t  o f  slow v a r i a t i o n  of 
A - c o n t a i n i n g  terrns is n o t  f u l f i l l e d .  IIowever, i z  i s  c l e a r ,  t h e t  a t  

X approaching  n/4 +Rn , a reson7nce inc remen t  zrovrth s t e p s  on. 

If sin (;e - n/4) > O,I , t h e  u n s t e a d i n e s s  h a s  a c h a r a c t e r  of s t a t i o -  
n a r y  waves, b u t  i f  sin (. - x/4) < 0, 

The i n s t a b i l i t y  i n c r e a s e s  most i n t e n s i v e l y  when a wh-ole  p l u s  one 

q u a r t e r  number o f  waves i s  packed oyer  t h e  l e n g t h  L .  

t r a v e l l i n g  waves a r e  e x c i t e d .  
d 

The i n c r e u e n t  , e x p r e s  -. ed through d imens iona l  magni tudes,  

h a s  t h e  form 

f 
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It m c ; ~  be s e e n  from (17) t h a t  V and 6 p l a y  no p a r t ,  i f  

b e s i d e s  M > 1 t h e  i n e q u a l i t y  1 H 0 > 1 / 4 F V .  is f u l f i l l e d .  

As t h e  u n s t e a d i n e s s  deve lops ,  t h e  l i n e s  o f  f o r c e  c l o s e  up 

by  themselves  i n  some r e g i o n s ,  vJi i le  i n  o t h e r s  t h e  t r a n s v e r s e  f i e l d  

is s t engh tnend .  I t  may be s a i d ,  t h a t  t h e  e x t e r i o r  f i e l d  is d i s l o d g e d ,  

c o n c e n t r a t i n g  i n  t h i n  l a y e r s .  Zuch conf igur ; t ion  i s  i n  i ts  t u r n  

uns t eady ,  wh i l e  bo th  t y p s  o f  u n s t e a d i n e s s ,  s t u d i e d  by l i ru ska l  and 

S c h w a r t z s h i e l d  [4) t a k e  p l a c e  s i m u l t a n e o u s l y  - t h a t  i n  t h e  g r a v i t a -  

t i o n a l  f i e l d  and t h e  f l e x i b l e  c a b l e  :ci'ch c u r r e n t .  

The developncnt  of  t h e s e  i n s t a b i l i t i e s  must l e a d  t o  t h e  

fo rma t ion  o f  c l u s t e r s  w i t h  locked  ( c l o s e d )  l i n e s  o f  f o r c e ,  c a p a b l e  

o f  moving f r e e l y  i n  s p a c e .  

4. Above w a s  examined a c a s e ,  xhen t h e  d e n s i t y  o f  t h e  poten-  

tial, and conseque t l y  o f  t h e  k i n e t i c  ene rgy  i s  much g r e a t e r  t h a n  

t h a t  of  t h e  e x t e r i o r  f i e l d ' s  maynet ic  ene rgy .  Phenomena, a t  nh ich  

t h e  i n i t i a l l y  weak f i e l d  is s t r e n g h t e n e d  as a consequence o f  khe 

expans ion  02 l i n e s  o f  f o r c e  du r ing  t? le  l ro t ion  of conduc t ing  masses ,  

a r e  l i n k e d  wi th  similar circurxstances.  

- __ 

The u n s t e a d i n e s s  i n v e s t i g a t e d  i n  t h e  p r e c e d i n q  para,r;raphs 

liuits t h e  c a t e g o r i e s  of flows at  -.,hich a magnetohydrodynsxic s e l f -  

e x c i t a t i o n  o f  r e g u l a r  masnet id  f i e l d s  is posL-Lble,  f o r  c a s e s  t o  be 

exc luded  a r e  t h o s e ,  when t h e  l i n e s  o f  f o r c e  have i n  z p e c i f i c  r e q i o n s  

t h e  shape  o f  s t r o n g l y  e l o n g a t e d  p a r a b o l a s .  

- 

L e t  us pause b r i e f l y  on t h e  problem o f  t h e  t u r b u l e n t  s e l f -  

e x c i t a t i o n  of t h e  f i e l d .  Two d i f f e r e n t  v i e r ipo in t s  p r e v a i l  i n  t h i s  

q u e s t i o n  : 

t h e  magnet ic  f i e l d  c o r r e l a t i o n ,  t h e r c b y  l i n k i n g  i t  w i t h  t h e  minimum 

t u r b u l e n c e  s c a l e ,  and t h a t  i s  wdiy i t  h a s  a cor respo- id ingly  low 

ene rgy .  O t h e r  a u t h o r s  ( s e e  f o r  cxaiiple c5, 61) a s sune  t h a t  t h e  f i e 1 2  

co r i - e lL t lon  is p r e s e r v e d ,  and t h a t  i n  t h e  s t a t e  o f  dynamic e c u i l i -  

b r ium t h e  ener,yy o f  t h e  f i c l d  is o f  t h e  o r d e r  o f  t h a t  of  t h e  funda- 

menta l  flow s c a l e .  

B a t c h e l o r  [4] c o n s i d e r s  t h a t  t u r b u l e n t  I m l s a t i o n s  d i s r u p t  
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f L 7. 

I n  c o n n e c t i o n  wi th  t h e  above c o n s i d e r a t i o n s ,  t h e  3 a t c h e l o r ' s  

view;lpoint p r e v a i l s ,  f o r  t h e r e  ex i s t s  a r e a l  mechanism of  d i r u p t i o n  

o f  magnet ic  f i e l d  c o r r e l a t i o n .  I t  s e e m  p robab le  t h a t  t h i s  mechanism 

i s  n o t  un ique  and.  t h a t  a similar u n s t e a d i n e s s  ta l res  p l a c e  i n  o t h e r  

c a e s  a t  s t r o n g  l i n e  o f  f o r c e  de fo rma t ions .  
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